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Problem setting
Establish accuracy of a biomarker index allowing for conditional
dependence

I Area under the Receiver Operating Characteristics (ROC) curve
(AUC) as measure of accuracy

I Linear combination of continuous biomarkers that maximizes
AUC*

I Allowing dependence between biomarkers and imperfect
reference-test

* Su, J.Q. and Liu, J.S. (1993)

To this end a Bayesian latent-class mixture model will be
proposed
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Data assumptions and notation

I Latent (unobserved) true disease status (D̃)
I θ: Unknown true prevalence of disease in the data set

I K continuous biomarkers (Y)
I Mixture of two K -variate normal distributions by D̃

I Y|D̃=0
∼ NK (µY0

,Σ0)
I Y|D̃=1

∼ NK (µY1
,Σ1)

I Dichotomous imperfect reference-test (T)
I SeT : Unknown sensitivity of the reference test (T)
I SpT : Unknown specificity of the reference test (T)
I Based on underlying continuous latent-tolerance T̃

I Area Under the ROC Curve:
I AUC = Φ

{
((µY1

− µY0
)′(Σ0 + Σ1)−1(µY1

− µY0
))

1
2

}
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Defining conditional dependence
Assume T is dichotomised based on latent-tolerance T̃
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0 ifT̃ ≤ 0

1 ifT̃ > 0
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Defining conditional dependence
Since T̃ is a continuous variable

(
T̃
y

)
|D̃ = d ∼ NK+1

((
µT̃d

µYd

)
,Σd

)

with Σd =

(
1 τ T

d
τ d Σd

)
and τ d =

(
ρT̃ ,Y1,d

σ1,d , . . . , ρT̃ ,YK ,d
σK ,d

)T

I Σd : Biomarker variance-covariance matrix for D̃ = d

I ρT̃ ,Yk ,d
: correlation between latent continuous T̃ and biomarker k
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Defining conditional dependence

P(T = 1|Y = y , D̃ = 1) = SeT (y)

P(T = 0|Y = y , D̃ = 0) = SpT (y)
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Full-data likelihood

P(Y , T , D̃) = P(T |Y , D̃)× P(Y |D̃)× P(D̃)

= Bern
(
P
[
T = t|Y = y , D̃ = d

])
× NK (µYd

,ΣYd )× Bern(θ)

L

(
µY0

,µY1
,Σ0,Σ1, µT̃ 0

, µT̃ 1
, τ 0, τ 1, θ|y, t, d

)
=

N∏
i=1

{1− SeT (y i )}
(1−ti ) {SeT (y i )}

ti
1√

(2π)K |Σ1|
exp

{
−

1

2

(
y i − µY 1

)T
Σ−1

1

(
y i − µY 1

)}
θ


di

×

{1− SpT (y i )}
ti {SpT (y i )}

(1−ti )
1√

(2π)K |Σ0|
exp

{
−

1

2

(
y i − µY 0

)T
Σ−1

0

(
y i − µY 0

)}
(1− θ)


1−di
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Prior distributions

Hyperprior
θ ∼ Uniform(0.1,0.9)

Priors
D̃i ∼ Bernoulli(θ) (Observation i: 1,. . . ,N)

SeT = SpT ∼ Beta(1,1)T(0.51,∞)
I Defines prior distributions for µT̃0

and µT̃1
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Prior distributions (say K=2)

Set Σj =VjRjVj*
For: Vj = σk ,j IK+1 and Rj is a correlation matrix. [j:0,1; k:1,. . .,K+1]

Then: Cj =

1 cj,12 cj,13

0 cj,22 cj,23

0 0 cj,33

 = Cholesky factor of Rj .

σk ,j ∼ Uniform(0,1000) [k:2,. . .,K+1]

cj,12 = ρj,T̃ ,Y1
∼ Uniform(-1,1) ρj,Y1,Y2 = ρj,T̃ ,Y1

ρj,T̃ ,Y2
+ cj,22cj,23

cj,13 = ρj,T̃ ,Y2
∼ Uniform(-1,1)

cj,23 ∼ Uniform
(
−
√

1− ρ2
j,T̃ ,Y2

,
√

1− ρ2
j,T̃ ,Y2

)
cj22 =

√
1− c2

j,12

cj33 =
√

1− c2
j,13 − c2

j,23 * Wei, Y and Higgins, J.P.T (2013)
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Prior distributions

AUC = Φ
{

[(µ1 − µ0)′(Σ0 + Σ1)−1(µ1 − µ0)]
1
2

}
Reparameterize:

AUC = Φ
{√

∆′∆
}

Where ∆ = L(µ1 − µ0)
For L = the Cholesky factor of (Σ0 + Σ1)−1

Priors
∆ ∼ NK (κ,Ψ)
µY0,k ∼ N(0, 106) (k: 1,. . . ,K)
µY1

= ∆L−1 + µY0
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Simulation study settings [200 datasets | N = 600 | θ = 0.5]

K = 3 Correlated biomarkers

I Distributional parameters set such that AUCk = 0.75
I Correlations between biomarkers:

I ρY1,Y2,d = 0.5 | ρY1,Y3,d = 0.9 | ρY2,Y3,d = 0.5

Imperfect reference test

I SeT = SpT = 0.85

Conditional dependence
I Biomarker - latent tolerance correlations:

I ρT̃ ,Y1,d
= 0 | ρT̃ ,Y2,d

= 0.7 | ρT̃ ,Y3,d
= 0.5
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Real data

3 continuous Alzheimer’s Disease biomarkers + dichotomous clinical
diagnosis as imperfect reference-test [N = 347]
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Analysis settings

Models

I Model assuming conditional independence [setting all
ρT̃ ,Yk ,d

= 0]

I Proposed general model allowing for conditional dependence

Model fitted by MCMC in OpenBUGS

I 10,000 iterations after 10,000 burn-in

I Gelman-Rubin + Geweke convergence criteria

I posterior medians as point-estimates
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Results: Simulation Study
Mean, (standard deviation), and [95% CI] of 200 posterior medians

Model
Parameter True Conditional Ind. Conditional Dep.
AUC 0.787 0.892 (0.012) [0.868; 0.912] 0.776 (0.023) [0.728;0.816]

SeT 0.85 0.981 (0.015) [0.937; 0.993] 0.833 (0.032) [0.770;0.896]

SpT 0.85 0.995 (0.001) [0.992; 0.996] 0.835 (0.026) [0.781;0.881]

θ 0.5 0.510 (0.017) [0.477; 0.542] 0.504 (0.023) [0.458;0.553]

ρT̃ ,Y1,0
0 0 0.026 (0.092) [-0.147;0.213]

ρT̃ ,Y2,0
0.7 0 0.703 (0.044) [0.619;0.779]

ρT̃ ,Y3,0
0.3 0 0.322 (0.080) [0.171;0.468]

ρT̃ ,Y1,1
0 0 0.024 (0.094) [-0.157;0.213]

ρT̃ ,Y2,1
0.7 0 0.705 (0.053) [0.596;0.795]

ρT̃ ,Y3,1
0.3 0 0.314 (0.084) [0.147;0.479]
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Results: Real data
Posterior median, (posterior standard deviation), and [95% CrI]

Model
Parameter Conditional Ind. Conditional Dep.
AUC 0.995 (0.002) [0.991;0.998] 0.997 (0.001) [0.993;0.998]

SeT 0.954 (0.010) [0.934;0.971] 0.940 (0.012) [0.915;0.960]

SpT 0.850 (0.024) [0.799;0.894] 0.823 (0.026) [0.768;0.870]

θ 0.701 (0.016) [0.668;0.732] 0.706 (0.017) [0.672;0.739]

ρT̃ ,Y1,0
0 0.358 (0.093) [0.156;0.530]

ρT̃ ,Y2,0
0 0.104 (0.103) [-0.103;0.301]

ρT̃ ,Y3,0
0 0.030 (0.100) [-0.171;0.235]

ρT̃ ,Y1,1
0 0.280 (0.097) [0.068;0.451]

ρT̃ ,Y2,1
0 0.186 (0.092) [-0.007;0.356]

ρT̃ ,Y3,1
0 0.186 (0.098) [-0.018;0.366]

30 / 37



Estimating biomarker index’ accuracy allowing for conditional dependence with an imperfect reference-test.

Results

Real data
Interuniversity Institute for Biostatistics 

and statistical Bioinformatics
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Conclusions

I Bayesian latent-class mixture model:
I Incorporates information from reference-test while acknowledges

imperfectness
I Allows for conditional dependence between biomarker and

imperfect reference-test

I Simulation study
I Falsly assuming conditional independence leads to bias
I Model retrieves true AUC

I Real data application
I Indication of significant conditional dependence
I No significant difference in AUC
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Further considerations

I No significant AUC difference for real data:
I Difference in AUC too small to be picked up
I Biomarker not important in optimal combination

I Evaluate impact of normality assumption

I Sensitivity to prior distributions
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Thank you for your attention !
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